Abstract. We consider a two-dimensional time-dependent eddy current model formulated as a parabolic-elliptic interface problem. Existence of solutions is established using Laplace transform techniques, potential theory and integral equations methods. Regularity results are shown, from which the existence of classical solutions follow. A large time behavior for the solution is established.
1. Introduction. The interface problem we consider, is a model for the scattering of electromagnetic waves due to metallic obstacles: When an electromagnetic field travelling in air encounters a metallic obstacle it generates eddy currents in the metal producing power losses. In turn, the eddy currents in the obstacle distort the incident field. More specifically, we consider a nonperiodic time-dependent eddy current problem corresponding to the interaction between transverse magnetic fields travelling in air and cylindrical obstacles.
Conduction current in air and displacement current in metal are neglected. The obstacle we consider is a nonferromagnetic metal with the permeability of the air and with a constitutive relation described by the standard Ohm's law.
In the case of a slowly varying incident field, the mathematical formulation of our problem leads to a parabolic-elliptic interface problem in the plane which can be described as follows:
The parabolic-elliptic problem (PEP). v(x,t) = 0{ 1) as|x|-»oo, Vv(x, t) = 0(\x\~2) as |x| -► oo.
(1.1)
Here fic is the interior region of a smooth Jordan curve and Q+ is the exterior region; q is a suitably smooth, strictly positive function on O, ^ and are prescribed functions on 5Q x [0, oo). The subscript n indicates differentiation in the outer normal direction to c5Q,and f~ (f+) denotes the limit on <5£2x(0, oo) of a function / defined on Q x (0, oo) (/ defined on Q+ x (0, oo)).
Problem (PEP) is a limit case corresponding to an exterior incident field having low frequency components. This formulation gives a good description of the physical phenomenon near and inside the obstacle but it is expected to be inaccurate far away from the obstacle. A more accurate model in the exterior domain is obtained by replacing the Laplace equation by the wave equation.
The Mathematical formulation of the time-dependent eddy current problem (PEP) was introduced and studied by R. C. MacCamy and M. Suri [4] , There, the authors use variational methods to prove the existence of a generalized solution. However, they do not obtain regularity results.
This paper is about existence, regularity, and large time behavior of the solutions of (PEP). Our method involves Laplace transform techniques, potential theory, and integral equations methods. We use the Laplace transform to reduce (PEP) into an elliptic-elliptic interface problem. We solve the reduced problem and get estimates for the solution. We use these estimates to invert the Laplace transform and to find a solution to Problem (PEP). In Sec. 6, for completeness, we have included a brief discussion about the derivation of (PEP) from physical principles.
In connection with our work, a time periodic version of the two-dimensional eddy current problem is treated by S. I. Hariharan and R C. MacCamy [1, 2] . There, the authors treat two cases: The limit case of low frequency approximation resulting in Laplace equation for the exterior region and the case where no low frequency approximation is assumed leading to a Helmholtz equation.
2. Statements of the results. We introduce the following definitions. Let X be a Our first result is an existence Theorem for (PEP). For simplicity, we will require throughout the paper that SQ is C°° and that the function q in (1.1) is C°°(Q). Here I[r] is the smallest integer greater than or equal to r. Remarks.
1. The implicit requirement that <j> and y/ and some of their derivatives vanish at t = 0, is a compatibility condition with the zero initial condition for u .
2. Using Theorem 2.1 and the Sobolev imbedding Theorems, we can obtain classical solutions of (PEP) as long as the data </> and y/ are sufficiently smooth.
Our next Theorem is a large time behavior of the solutions of (PEP). The result is that if <f)(t) and y/(t) decay sufficiently fast then the solution will tend to a constant as t -+ oo. Remarks. 1. The assumption p0 < 0, px < 0 in the statement of the Theorem is a statement about the rate of decay of </>(t) and y/(t) as t -* oo .
2. The condition p{ < 0 implies that lim^^ f'Q fdQ y/ exists. This implies that the solution of (PEP) converges to a constant as t -* oo and that the convergence rate is exponential. Moreover, this constant is independent of the function <j>.
3. The reduced and degenerate eddy current problems. Formally, taking the Laplace transform in (1.1) we get an elliptic-elliptic interface problem that we refer to as the reduced eddy current problem (EP):
The elliptic-elliptic problem (EP). Remark. If we put 5 = ^7/ in (EP), we get the time periodic version of the eddy current problem treated in [1, 2] . Associated with (EP) is another elliptic-elliptic interface problem that we call the degenerate eddy current problem (DEP):
The elliptic-elliptic problem (DEP). Before we proceed, we introduce the simple layer, double layer, and volume potential for the Laplace operator and some of their properties.
where dn denotes the derivative with respect to the outer normal of . We have the following technical Lemmas. (ii) The operator 2! defines bounded linear operators from Hm+i/1(SQ,) into H'n+2(Q), from Hm+i/2(dQ) into Hm+2(n+R), and from Hm+3,2(6n) into C"(n£(<S)), V<5 >0, V«eN.
(iii) The operator 'V defines bounded linear operators from //"'(Q) into Hm+2(Q.), from //'"(Q)into Hm+2(Q.+R), and from Hm(Q) into C"(fl£(<J)),
There exists c, rel such that Vx € K with |x| > r we have, Using (3.5), (3.6) and the transition relation across the boundary (u~ -v^ + y/) We conclude that the compatibility relation (3.3) must hold.
Next, assume that (u, v) is a solution of (DEP) for (/, 4>, \j/) = (0, 0, 0). We multiply (3.1), by u, the complex conjugate of u, and (3.1) 0 by v. We then integrate by parts to get We multiply the first equation of (3.12) by sq, integrate over Q and use the fact that fnsqu = fsa ij) to get
Jq Jn J so.
Using the last equality to solve for k , we get that (3.11) holds for s / 0. Next, assuming that {u,v) satisfies (3.10), then the properties of the potentials and Lemma 3.1 immediately yield Au -squ -0, Av = 0, u =v+ + 4>, u~=v* + y/.
We multiply the first equation of (3.10) by sq and integrate over Q to get fnsqii = Ln y.v, which we use in a similar argument as in the proof of Theorem 3.1 to show that v = 0(1), |Vf)| = 0(\x\~2) as |x| -> oo. Our next step is to prove existence of solutions for (DEP). In view of Theorem 3.2 this is equivalent to finding solution to an integral equation system. Before we proceed, in order to simplify the notation, we will make the following definitions. We define the operators V', D', S' as follows: Assuming that (u, v) is a solution of (IE) for (0, y/) = (0, 0) and that 5 € C/(-oo, 0], then by Theorem 3.2, (u, v) is a solution of (EP). We multiply the first equation of (3.1) by u and the second equation by v . We integrate over Q and Q+ respectively, using integration by parts and a limiting argument in Q+ to get [ |Vm|2 + s f q\u\2 = f u~{u)~ , which as before shows that u = v = 0. Thus, the only homogeneous solution of (IE) for ieCe (-oo, 0] is the zero solution. Now, to finish the proof we only need to show that the operator I-sV' is invertible VseC/A.
We note that V' is a bounded operator from H"'(Q) into H"'+2(Q)\/m > 0. Hence, V1 is a compact operator from H'"(Q) into //"'(Q).
Since for s e C/(-oo, 0] the only homogeneous solution of (IE) is the zero solution, we conclude that (/ -sF') has an inverse Vs e C/(-oo, 0] and that the set of points for which the inverse of (/ -sF') fails to exist is a countable set {sk}™=l having -oo as the only possible accumulation point. 4 . A priori bounds. Our purpose here is to estimate the solution of (IE) for large values of 5. This will enable us to take an inverse Laplace transform obtaining a solution to (PEP) and deriving its large time behavior. We start by making the following definitions.
Let S be a positive number, we define £j to be the set of points in the complex PlanC:
Z, = {iGC: |arg(5)| < ?r/2 + <5} n {|s| > 1}. We take the constitutive relation in the metal to be = Bm = n0Um, (6. 3) and assume the exterior to be the air or a dielectric with constitutive relation of the form Letting (Ef, Be) denote the scattered field and (Em, Bm) denote the field in the metal, we write Maxwell's equations neglecting conduction current in the dielectric and displacement current in the metal. We get in the dielectric A dimensional analysis in [4] shows that under slowly varying field we get the limit problem we obtain Problem (PEP). For low frequency, Problem (PEP) gives a good description of the physical phenomenon near and inside the obstacle. However, for large distances from the obstacle, this model is not expected to be accurate.
